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This paper is concerned with establishing constructive characterisations of prime 
filters on a Boolean algebra and of completely prime filters on a compact regular 
locale. The context within which this will be carried out is that of a topos, both with 
a view to applications of the results, and because this enables their relationship to 
other characterisations to be examined within a convenient framework. Both of the 
characterisations involve showing that these filters are exactly the filters which are 
maximal in some particular sense, namely that of maximal filters in the case of a 
Boolean algebra and of maximal regular filters in the case of a compact regular 
locale. 
It is rather unexpected that such characterisations can be achieved constructively, 
since the conventional wisdom is that the existence of these characterisations is 
equivalent o the topos concerned satisfying De Morgan’s law. Of course, taking the 
conventional concept of maximality one is indeed led to that conclusion. Obtaining 
the characterisations concerned within a completely constructive context involves 
modifying just slightly the notion of maximality with which one is working in order 
to allow the proofs to carry through in that situation. It is really about this concept 
of maximality that the paper is written, since it appears to be one which should be 
applicable more generally, yet which seems to have remained unnoticed until now. 
Of course, the concept of maximality which will be introduced in each case coin- 
cides with that considered classically provided that De Morgan’s law is satisfied in 
the topos concerned. Indeed, De Morgan’s law is equivalent to the condition that 
these concepts of maximality coincide. It is, perhaps, because of this equivalence 
that the existence of a notion of maximality which would allow these characterisa- 
tions to be proved completely constructively seemed to be considered rather unlike- 
ly. I am grateful to J.M.E. Hyland for a spirited interchange on this point when the 
characterisations obtained were first exposed. 
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Consider firstly a Boolean algebra B in a topos E. Then by a filter F on the 
Boolean algebra B is meant a subset of B satisfying the conditions that: 
(Fl) 1 EF; 
(F-9 acFAbeF+aAbEF; 
(F3) aeFAa<b+bEF, 
for all a, b E B. The filter will be said to be proper provided that, additionally, one 
has that: 
(F4) ~OEF. 
It may be recalled that a filter P on a Boolean algebra B is said to be prime provided 
that it is proper and that it satisfies the condition that: 
(P) avbeP-+aEPvbeP, 
for all a, b E B. 
The characterisation which we shall prove is the following: 
Proposition 1. For any Boolean algebra B in a topos E, the prime filters on B are 
exactly the maximal filters on B. 
Of course, it is this that requires the definition of the concept of a maximal filter 
on B, given by the following: 
Definition. A filter P on a Boolean algebra B will be said to be maximal provided 
that P is proper, and that it satisfies the condition: 
(M) for any filter F on the Boolean algebra B which contains the filter P, one has 
that: 
aeF+(aEPVOEF) 
for any a E B. 
The proof of the proposition is now entirely straightforward, although it ought 
perhaps to be given. It will be seen that the condition of maximality is no more and 
no less than exactly what is needed to obtain the proof. Consider then a prime filter 
P on the Boolean algebra B. It is asserted that it is maximal. Suppose that F is a 
filter on B which contains P. Given any a E B for which a E F, consider aV 1 a E B, 
which lies in P by (Fl). But P is prime, so a E PV 1 a E P by (P). In the case that 
7 a E P, we deduce that 1 a E F, since F contains P. Hence, 0 = a~ 1 a E F. So one 
has that a E PV 0 E F is satisfied. The filter P is therefore maximal. 
Conversely, consider a filter P on the Boolean algebra B which is maximal. It is 
asserted that it is prime. Suppose then that a, b E B are such that av b E P. Consider 
the filter F obtained by adjoining a E B to the filter P. Explicitly, the filter F consists 
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of all elements of B which lie above a A c E B for some c E P. Then the filter F con- 
tains the maximal filter P, hence the element a E F satisfies the condition that 
aePvOEF. 
But 0 E F implies that a~ c = 0 for some c E P. Then aV b E P implies that b A c E P, 
by (F2), hence that b E P by (F3). Thus, 
is satisfied, establishing that the filter P is indeed prime, which completes the 
proof. 0 
It may be remarked that considering a definition of maximality of this particular 
form is possible only because we are considering maximality amongst subsets of a 
set. The condition for maximality may then be stated in terms which involve not on- 
ly a quantification over the subsets which contain the given subset, but also over 
the elements of the set which must be shown to lie in it. It is this which may be seen 
to have given the condition the strength needed to avoid any dependence on the 
presence of De Morgan’s law in the topos. 
Now consider the case of a compact regular locale L in the topos E, recalling that 
a locale L is said to be compact provided that any subset of L of which the join is 
the identity element of L contains a finite subset with this property, and to be 
regular provided that each a EL is the join 
a=V b 
baa 
of those elements b E L which are rather below a EL in the sense that there exists 
CEL for which 
bl\c=O and cVa=l 
in the locale L. It may be recalled that a filter Pin a locale L is said to be completely 
prime provided that P is proper, and that the condition 
(W VAEP+V~~~ acP 
is satisfied, for any subset A of the locale L. The completely prime filters on a locale 
are of interest because they correspond to the points of the locale. 
The characterisation which we shall prove in the case of a compact regular locale 
is the following: 
Proposition 2. For any compact regular locale L in the topos E, the completely 
prime filters on L are exactly the maximal regular filters on L. 
It will be recalled that a filter P on a compact regular locale L is said to be regular 
provided that for any a E P there exists b E P for which the rather below relation 
b u a is satisfied. The concept of maximality of a regular filter is again given by: 
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Definition. A regular filter P on a compact regular locale L will be said to be max- 
imal provided that P is proper, and that it satisfies the condition that: 
(MR) for any regular filter F on the compact regular locale L which contains the 
filter P, one has that 
aeF+(aEPVOeF) 
for any aeL. 
Once again, the proof of the proposition is entirely straightforward, exactly 
following that given constructively in the presence of De Morgan’s law [2], but now 
without needing to invoke it. Consider then a completely prime filter P on the com- 
pact regular locale L. It is asserted that P is maximal regular. 
Firstly, given a E P one has that a = Vb (b a a), by the regularity of the locale L. 
But then a E P implies that b E P for some b a a, by the complete primeness of the 
filter P. Hence, P is a regular filter on L. Suppose now that F is a regular filter on 
L which contains P, and let a E F. It is asserted that a E PVO E F is provable, 
establishing the maximality of the regular filter P. For a E F implies that there exists 
b E F with b a a, by the regularity of F. Hence, there exists c E L with br\ c = 0 and 
aVc= 1, by the definition of the rather below relation. Then avce P implies 
a E PV c E P, by the primeness of the filter P. But, by the choice of b EL, one has 
b E F. And, CE P implies CE F. Hence, O= b/\ce F, since F is a filter. Thus 
a E PVO E F is proved, yielding that P is a maximal regular filter on L. 
Conversely, suppose that P is a maximal regular filter on the compact regular 
locale L. It is asserted that P is completely prime. It is known [2] that, on a compact 
regular locale L in any topos, a regular filter is completely prime if and only if it 
is prime. Hence, it suffices to show that, for any al, a, EL, one has that al Vu2 E P 
implies a1 E P or a2 E P. For, observe firstly that there exist bl a aI, b2 a a2 for 
which b, V b2e P. For, by the regularity of the filter P, there exists b E P with 
baa,va2. Hence, one may choose CEL with br\c=O and cva,Va2=l. By the 
regularity of the locale, one may write 
al = vb, (bl a a,), 02 = Vb2 (b2 a a& 
Substituting these expressions in that for identity element of the locale, the compact- 
ness of the locale and the directedness of the joins in these expressions yields the 
existence of 6, a a,, b, a a2 for which cV bl V b2 = 1. Taking meets with b E L, it 
follows that b < bl v b2, since b A c = 0. Hence, bl v b2 E P, as required, since b E P. 
So there exist b1 a a,, b2 a a2 with b1 v b2 E P. 
Now, construct regular filters FI, F2 on the locale L, containing the filter P and 
the elements al,a2EL respectively, depending on the elements b,, b2eL chosen 
above. For each i, the filter is defined by: 
F,=(x~LI~~~~~~~~:a~c~xandb~aa}. 
It may be verified straightforwardly that F, , F2 are regular filters on the locale L, 
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by arguments which may be found explicitly in [2]. Moreover, each contains the 
filter P, and, since ai, a2 EL respectively have bi a al, b2 <3 a2, one has that ai E F;: 
for each i. But, applying the maximality of the regular filter P, it follows that 
ai E Fi implies that ai E P or 0 E Fi, for each i. Hence, in particular, it is the case that 
is provable. To establish the primeness of the filter P, it remains to show that 
0 E FI A0 E F2 is provably false. But if 0 E F, and 0 E F2, by the construction of the 
filters F, and F2 there exist d,, d2 EL and cl, c2 E P for which dl A cl < 0, d2 ACT < 0 
and 6i a dl , 6, a d2. Then, recalling that bi V b2 E P by the choice of bi, bz EL, one 
has that d, v d2 E P. But cl, c2 E P implies that cl A c2 E P. So (d, Vd,) A (cl A c2) E P. 
However, (d, V d2) A (c, A c2) < (d, A c,) V (d2 A c2) = 0. Hence, 0 E P, contradicting 
the properness of the filter P. Thus, a, EP or a2EP, as required. The maximal 
regular filter P is therefore prime, hence completely prime by the remarks made 
above, which completes the proof. 0 
Of course, any filter P on a Boolean algebra B which is maximal in the sense 
presently defined will be maximal in the weaker sense that any proper filter which 
contains it is equal to it. For, if the possibility that 0 E F is denied from the outset, 
then 
V aCB: (aEF+aEP) 
will be satisfied for any proper filter which contains the maximal filter P. Exactly 
the same remark holds also in the case of maximal regular filters on a compact 
regular locale L. 
Provided that De Morgan’s law is satisfied in the topos E, the converse may also 
be established. For, given a filter P on a Boolean algebra B which is maximal 
according to the classical definition, one knows that in the presence of De Morgan’s 
law the filter P is necessarily prime [l]. But any prime filter in the Boolean algebra 
B is maximal, according to the present definition of maximality. Hence, the classi- 
cally maximal filter P is maximal in the present sense. Exactly the same remark also 
holds for the maximality of regular filters on a compact regular locale L, applying 
the observations of [2] in the presence of De Morgan’s law. 
Indeed, since in each case it is known that De Morgan’s law is in fact equivalent 
to the assertions that maximal and prime filters on a Boolean algebra, or that max- 
imal regular and completely prime filters on a compact regular locale, coincide, 
where maximality is interpreted classically, it follows that one has the following: 
Corollary. For any topos E, the following conditions are equivalent: 
(i) a filter on a Boolean algebra B in the topos E is a maximal filter exactly if 
it is maximal amongst the proper filters on B; 
(ii) a filter on a compact regular locale L in the topos E is a maximal regular filter 
exactly if it is maximal amongst the regular proper filters on L; 
(iii) De Morgan’s law is satisfied in the topos E. 
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Finally, it may be remarked that the approach to maximality taken here does not 
depend particularly on the filters concerned being proper. While classically this is 
of no particular interest, in the context of a topos E it allows consideration of filters 
of varying extents of properness. Specifically, one may make the following: 
Definition. A filter P on a Boolean algebra will be said to be partially prime provid- 
ed that for any a, b E B 
avbEP+(aEPVbcP) 
is satisfied, and will be said to be partially maximal provided that for any filter F 
on the Boolean algebra B which contains the filter P one has that 
aeF-+aEPVOEF 
for any a E B. 
In other words, one has simply omitted any mention of properness of the filter 
P from the definitions made earlier. 
Then, it may be shown straightforwardly, by the arguments given earlier, that the 
partially maximal and the partially prime filters on a Boolean algebra coincide in 
any topos E. Exactly analogous comments apply in the case of maximal regular and 
completely prime filters on a compact regular locale. 
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